Abstract. This important numerical method is given for the numerical solution of singularly perturbed convection-di¤usion nonlocal boundary value problem. First, the behavior of the exact solution is analyzed, which is needed for analysis of the numerical solution in later sections. Next, uniformly convergent …nite di¤erence scheme on a Shishkin mesh is established, which is based on the method of integral identities with the use exponential basis functions and interpolating quadrature rules with weight and remainder term in integral form. It is shown that the method is …rst order accurate expect for a logarithmic factor, in the discrete maximum norm. Finally, the numerical results are presented in table and graphs, and these results reveal the validity of the theoretical results of our method.
Introduction
In this work, we consider singularly perturbed convection-di¤usion problem with nonlocal boundary value "u 00 (x) + a(x)u 0 (x) + b (x) u (x) = f (x) ; 0 < x < 1; (1.1)
where 0 < " << 1 is a small perturbation parameter, B and c i are given constants, 0 < s 1 < s 2 < ::: < s m 2 < 1; i = 1; 2; :::m 2; and a (x) > 0; and a(x), b(x) and f (x) are assumed to be su¢ ciently continuously di¤erentiable functions in [0; 1].
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It is a well known fact that di¤erential equations with a small parameter " multiplying the highest-order derivative terms are called singularly perturbed di¤erential equations. Standard discretization methods for solving singular perturbation problem are unstable and these don't give accurate results for ". Therefore, it is very important to …nd suitable numerical methods to these problems. In order to solve these problems, there are some …tted numerical approaches namely, …nite di¤erence methods, …nite element methods, etc. So, we prefer to use …nite di¤erence method for solving this problem in this paper.
The …rst time, nonlocal boundary value problems have been studied by Bitsadze and Samarskii [5] . Singular perturbation problems arise in chemical-reactor theory, control theory, oceanography, ‡uid mechanics, quantum mechanics, hydro mechanical problems, meteorology, electrical networks and other physical models [13, 14, 16, 17, 18, 19] . Singularly perturbed di¤erential equations with nonlocal boundary value have been studied by many authors. According to some references, existence and uniqueness of nonlocal problems can be seen in [1, 4] . A …nite di¤erence scheme on an uniform mesh for solving linear (nonlinear) singularly perturbed problem with nonlocal condition have been found in [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 15] .
The plan of the study is as follows: We evaluate that for the numerical solution of the nonlocal problem (1.1)-(1.3), this method is uniformly convergent of …rst order on Shishkin mesh, in discrete maximum norm, independently of singular perturbation parameter ". Some properties of the exact solution of problem described in (1.1)-(1.3) is investigated in Section 2. Finite di¤erence schemes on Shishkin mesh for problem (1.1)-(1.3) are constructed in Section 3. Finite di¤erence schemes are based on the method of integral identities with the use of exponential basis functions and interpolating quadrature rules with the weight and remainder terms in integral form [4] : The error analysis for the di¤erence scheme is performed in Section 4. Uniform convergence is obtained in the discrete maximum norm. The iterative algorithm for solving the discrete problem is arranged and numerical example is presented to …nd the solution of approximation in Section 5. Throughout the paper, C will mean a positive constant independent of " and the mesh parameter.
Some Properties of the Continuous Problem
In this section, we give useful asymptotic estimates of the exact solution of the problem (1:1) (1:3); which are needed in the construction of layer-adapted meshes and examine of the numerical solution. 
where w(x)is the solution of the following problem:
w (0) = 0; w (1) = 1: Then, the solution of problem (1.1)-(1.3) satis…es the following inequalities:
where C 0 = jv (x)j + j j jw (x)j ; and
Proof. Let us take u (1) = and the solution of the problem (
and the function v (x) and w(x) is the solution of the following problems:
According to the maximum principle, we have the inequalities
and jw(x)j = jw (0)j + jw 0 (0)j 1: (2.5) Finally, from (2.4) and (2.5), we obtain
which proves (2.2). Now, we will examine the inequality (2.3). Di¤erentiating the equation (1.1), we get the relation "u
After doing some calculation in the equation (2.6), we have
; (see in [8] ). Thus, we prove (2.3). This completes the proof of Lemma 2.1.
Discretization and Mesh
In this section, we give a di¤erence scheme for solving our problem on Shishkin mesh.
Let us consider the following any non-uniform mesh on the interval [0; 1] ; ! N = f0 < x 1 < x 2 < ::: < x N 1 < 1g
We set the step-size h i = x i x i 1 ; i = 1; 2; :::; N . Before describing our numerical method, we introduce some notations for the mesh functions. We de…ne the following …nite di¤erence for any mesh function g i = g(x i ) given on ! N :
; g0
Now, we will construct the di¤erence scheme for the equation (1.1). First, we integrate the equation (1.1) over (x i 1 ; x i+1 ) ;
with the basis functions f' i (x)g
having the from
where '
i (x) and '
i (x), respectively, are the solution of the following problems:
After doing some arrangements in the equation (3.1), we obtain the following equation:
where
Using the interpolating quadrature rules (2:1) and (2:2) from [4] with weight functions ' i (x) on subintervals (x i 1 ; x i+1 ) from (3.1), we obtain the following precise relation: 
where x Ni is the mesh point nearest to s i , i and i are given by 3.5 and 3.6.
Uniform Error Estimate
In this section, we obtain the convergence of the method. First, we give the error function z i = y i u i ; i = 0; 1; :::; N; where z i is the solution of the discrete problem
where R i is de…ned by (3.3). Proof. According to the maximum principle, we have the following inequalities:
Next, from (4.5) and (4.7), we have 
We can state the convergence result of this study in the following Theorem. 
Algorithm and the Numerical Example
In this part, an e¤ective algorithm has been given for the solution of the di¤erence scheme (3.6)-(3.8) and numerical results have also been displayed in table and graphs.
5.1. Algorithm. We present the algorithm for the solution of the di¤erence scheme (3.6)-(3.8) as
i+1 + i+1 ; i = N 1; :::; 2; 1: 5.2. Numerical Example. Here we examine the following test problem to see how the method works. We study the following test problem:
We have the exact solution of this problem as:
+ exp
The corresponding " uniform convergence rates are computed using the formula
The error estimates are denoted by 
Conclusion
In this paper, we have o¤ered a …nite di¤erence method for solving singularly perturbed convection-di¤usion nonlocal boundary value problem. First, it is shown that the method displays uniform convergence with respect to the perturbation parameter ": Then we have applied the present method on a test problem. In table and graphics, when N takes increasing values, it is seen that the convergence rate of the smooth convergence speed p N is …rst order. The exact solution and approximate solution curves are almost identical as shown in Figure 1 . As " values decrease, the graph approaches more towards the coordinate axes in the boundary layer region around x = 1. In Figure 2 , the errors in these regions are maximum because of the irregularity caused by the sudden and rapid change of the solution in the boundary layer region around x = 1 for di¤erent " values. Thus, numerical results show that the proposed scheme is working very well. All in all, we think that our study enhances academic understanding of the singularly perturbed problems with nonlocal condition. 
